ABSTRACT. In this paper we propose an exact and explicit nonlinear solution to the governing equations which retains all the Coriolis terms. In the presence of an underlying current, we seek the trapped waves induced by these solutions in Northern and Southern hemisphere respectively, showing that the retention of the Coriolis force in the governing equations affects significantly the range of the admissible following and adverse currents.
INTRODUCTION
This paper aims at finding an exact solution for geophysical trapped waves with an underlying current. The trapped waves we consider in this paper are waves for whose amplitude decays rapidly in the meridional direction and geophysical ocean waves are those which take the Coriolis effects on the fluid body induced by the earth's rotation into account, and accordingly the additional terms are brought by the Coriolis force to the governing equations. These governing equations are applicable for a wide range of oceanic and atmospheric flows [12, 29] . Due to the complexity and intractability of these equations, some simpler approximate models for Equatorial water waves are instigated in recent years to mitigate the Coriolis terms, among which are the so-called β-plane and f -plane approximations.
The β-plane approximation introduces a linear variation with latitude of the Coriolis parameter to allow for the variation of the Coriolis force from point to point. This approximation applies in regions within 5
• latitude of the Equator [12, 13] . On account of the lost of an appreciable level of mathematical detail and structure from the β-plane approximation as a result of the 'flattening out' of the earth's surface, a number of interesting mathematical models have been recently proposed to retain some of this structure [7, 8, 9, 17, 18] . Whereas the f -plane approximation takes a constant Coriolis parameter into account, for which the latitudinal variations are ignored and this approximation has been applied to oceanic flows within a restricted meridional range of approximately 2
• latitude from the Equator [3, 12] . In this paper, we consider surface water waves propagating zonally in a relatively narrow ocean strip less than a few degrees of latitude wide, where we put no restriction on 1 the latitude, and so the f -plane approximation with the Coriolis parameters f = 2Ω sin φ, f = 2Ω cos φ being constant is appropriate [11] . In consideration of the significant features and complexifications of the underlying currents, both mathematically and physically, in the geophysical dynamics [1, 7, 10, 11, 12, 16, 17, 18, 24] , we allow for the underlying background currents in the flow. It is hoped that the additional physical complexity brought by the constant Coriolis parameters and underlying currents may be beneficial with respect to potential generalisations in this direction.
To describe the nonlinear dynamic of the given complex fluid flows in detail, it is remarkable to find an exact solution to the water wave problem. The explicit exact solution of the governing equations for periodic two-dimensional travelling gravity water waves was first discovered by Gerstner [14] , with significant modifications to incorporate geophysical effects along the lines of [4] . It is interesting the Gerstner's solution can also be modified to describe edge-waves propagating over a sloping bed [2] . Subsequent to [2, 4, 14] , a vast and wide-ranging variety of Gerstner-type exact and explicit solutions were derived and analysed to model a number of different physical and geophysical scenarios cf. [4, 5, 6, 15, 16, 20, 23, 27, 28] ect. Considering the f -plane approximation, Pollard modified the Gerstner's wave solution to describe free surface waves without any restriction on the latitude in a rotating fluid [26] . Recently, the Pollard's approach has been applied for equatorial waves [21] and flows with currents [11] , and the instability of the solution has also been investigated in [22] .
In sprit of [4] , we provide an inherently three-dimensional explicit Gerstner's type solution which incorporates an underlying current to the f -plane governing equations, where Constantin and Monismith gave a Pollard's type solution to this water wave problem recently in [11] . The solution we obtained describes in the Lagrangian framework geophysical trapped waves at arbitrary latitude that propagate westwards or eastwards in the presence of a constant underlying background current, which is an extension of the exact solution for equatorial waves in the f -plane approximation near the Equator [19] . The dispersion relation (3.15) of this Gerstner's type solution, characterised by the reciprocal Coriolis parameterf and the underlying current, has a difference of O(Ω 2 ) compared with the dispersion relation of the corresponding Pollard's type solution [11] . Another characteristic of the solution is the direct impact induced by the underlying current c 0 , the Coriolis parameter f and the reciprocal Coriolis parameterf on the vorticity. Moreover, we conclude from the investigation of the free-surface interface that the wave motions in such flow admit both the admissible following and adverse currents, for which the range is influenced by the Coriolis parameter f and the dispersion relation. In particular, for water waves propagating zonally near the Equator and covering both the northern and southern hemispheres, this admission allows for both flows with wave speed c = c + > 0 or c = c − < 0, which is an extension of [16] .
The remainder of this paper is organized as follows. In Section 2, we present the governing equations for the geophysical trapped waves with an underlying current. In Section 3, we propose the exact solution to the governing equations with all the Coriolis force retained together with an investigation on the vorticity, the dispersion relation, the free-surface interface and the stratification.
THE GOVERNING EQUATIONS
Concerning surface water waves propagating zonally in a relatively narrow ocean strip less than a few degrees of latitude wide, we take the Coriolis parameters
as constant. Here φ represents the latitude and Ω = 7.29 × 10 −5 rad/s is the rotational speed of the Earth. In a reference frame with the origin located at a point fixed on Earth's surface and rotating with the Earth, we consider the zonal coordinate x pointing east, the meridional coordinate y pointing north and the vertical coordinate z pointing up. Then the governing equations in the f -plane approximation we solve are given by [11, 12, 25 ]
together with the equation of incompressibility
and with the equation of mass conservation
Here t is the time, U = (u, v, w) is the fluid velocity, g = 9.81 m/s is the gravitational acceleration at the Earth's surface, ρ is the constant density of fluid (a discussion on stratified flows can be seen in Section 3.4), P is the pressure distribution and
is the material derivative.
The boundary conditions for the fluid on the free-surface η are given by
where P 0 is the constant atmosphere pressure. The kinematic boundary condition express the fact that the same particles always form the free surface. Finally, we assume the water to be infinitely deep, with the flow converging rapidly with depth to a uniform zonal current, that is,
In this section we define an exact solution of the governing equations (2.2). Let us re-express the Euler equation (2.2a) in the following form
The Lagrangian framework is adequate for the exact solution. In this framework, the Eulerian coordinates of fluid particles (x, y, z) at time t are expressed as functions of Lagrangian labelling variables (q, s, r), which specify the fluid particle. On the lines of [4] , we suppose that the position of a particle at time t is given by
where k is the wavenumber and the c 0 term represents a constant underlying current such that for cc 0 > 0 the current is adverse, while for cc 0 < 0 the current is following. The expressions of the travelling speed c and the function m depending on s are determined below such that (3.2) defines an exact solution of the governing equations (2.2). The label domain is given by real values of (q, s, r)
to ensure the flow has the appropriate decay properties. For notational convenience, let us choose The velocity and acceleration of a particle can also be calculated directly from (3.2) as respectively. We can therefore write (3.1) as
The change of variables 
(3.10)
We prescribe now a suitable pressure function such that (3.10) holds, proving thus that (3.2) is indeed an exact solution of the governing equations (2.2a). Choosing the expression
since otherwise we would have
a scenario we can exclude on physical grounds, and accordingly P =ρ (kc 2 +f c −f c 0 − g)e ξ cos θ + kc 2 +f c 2k e 2ξ + f c 0 s − (f c 0 + g)r
we observe that equation (3.10) are satisfied. The consideration of the nonnegativity of m(s) is to ensure a decay in fluid particle motion in the meridional direction (see discussion in Sec 3.3). The pressure must be time independent on the surface due to the dynamic boundary condition (2.2e), we thus need to eliminate terms containing θ in (3.14). Therefore
Using (3.15) in relation (3.14), we obtain that the choice of pressure function
in conjunction with the flow determined by (3.2) satisfies the governing equations (2.2a). The constant terms from the above expression have been chosen to ensure the conditions (2.2d) and (2.2e) hold on the free surface.
3.1. The vorticity. The inverse of the Jacobian matrix (3.5) can be computed as Now, we give some notations on the vorticity (3.19).
Remark 3.1. 1. Though the velocity field (3.6) for the solution (3.2) is two-dimensional, the vorticity (3.19) is (weakly) three-dimensional away from the equator (for which f = 0), with the first and third components depending on the latitude φ. The impact of the latitude φ on the second component appears implicitly in the dispersion relation (3.21).
2. The underlying current c 0 features directly in the expression for ω, whereas it plays an implicit role in [17, 18] . which holds automatically by a glance at (3.12). The dispersion relation can then be computed as
featuring contributions from the reciprocal Coriolis parameterf and the underlying current c 0 . If c = c + > 0, the wave travels from the west to east and if c = c − < 0, it travels from east to west. We now give some remarks on the relations (3.21).
Remark 3.2. 1. If c 0 = 0, then the dispersion relation reduces to
22)
which corresponds to Gerstner waves that are very slightly modified by rotation. Recalling the dispersion relation of Pollard's waves as [11, 26] (
we obtain the equivalent forms as
and
The relation (3.25) tells us that the Coriolis parameter f does no feature in the expression of the dispersion, which is in accordance with the result (3.15) in this paper. On the other hand, we get from (3.15) that in the case c 0 = 0 26) and accordingly the difference of the two dispersion (3.26) and (3.
which is relatively much smaller than the termsf c (∼ O(Ω)).
2. For equatorial waves we have f = 0 andf = 2Ω, so that the constraint (3.12) reduces to 27) which agrees with the restriction in [16, 18] . Besides, the relation (3.21) reduces to 28) which recovers the result obtained by Constantin in [11] , and a further assumption c 0 = 0 leads to the result of Hsu [19] .
3. In the case c 0 = c, we get from (3.15) that c = ± g k , which resembles that of both Gerstner's wave and gravity waves in deep-water [1] . This dispersion relation is also obtained by ignoring the Earth's rotation (Ω = 0), in which case the solution (3.2) effectively reduces to Gerstner's two-dimensional gravity water waves.
3.3.
The free-surface interface. By considering the boundary conditions (2.2d) and (2.2e), we now investigate for which values of the current c 0 this flow is hydrodynamically possible. This will be achieved by proving that, for each fixed latitude s and φ, there exists a unique solution r(s) ≤ r 0 < 0 such that P (r(s), s) = P 0 in (3.16), which is equivalent to
where
(3.30)
For s = 0, we have 
f cŝ f c 0 +g
by (3.11) and (3.12). Differentiate (3.29) with respect to s to get that
which by the way of (3.12) gives
This solution represents three-dimensional, nonlinear geophysical trapped waves. The free surface z = η(x, y, t) is implicitly prescribed at s = 0 by setting r = r 0 in (3.2), and for other fixed latitude s ∈ [−s 0 , 0] or s ∈ [0, s 0 ], there exists a unique value r(s) < r 0 which implicitly prescribes the free surface z = η(x, s, t) by waves of setting r = r(s) in (3.2).
Remark 3.3. For water waves propagating zonally near the Equator and covering both the northern and southern hemispheres, where we assume sin φ ≈ φ = 0, the conclusion of I-1 and II-1 for c = c + > 0 is in accordance with the result for equatorial geophysical water waves with underlying current by Henry in [16] , whereas the solutions we constructed here admit flows with wave speed c = c − < 0.
3.4.
Stratification. In the absence of an underlying current c 0 = 0, we can accommodate a stratified fluid through assuming that the density has a steady function dependence of the form ρ(x, y, z, t) = ρ(x − ct, y, z). The equation of mass conservation (2.2c) recasts to (u − c)ρ x + wρ z = c ρ x (e ξ cos θ − 1) + ρ z e ξ sin θ = 0, (3.50) and a direct computation leads to ρ q = ρ x ∂x ∂q + ρ y ∂y ∂q + ρ z ∂z ∂q = ρ x (1 − e ξ cos θ) − ρ z e ξ sin θ = 0. 
